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Abstract - In recent literature on digital image processing much attention is devoted to the singular value

decomposition (SVD) of a matrix. Many authors refer to the Karhunen-Loeve transform (KLT) and
principal components analysis (PCA) while treating the SVD. In this paper we give definitions of the three
transforms and investigate their relationships. It is shown that in the context of multivariate statistical
analysis and statistical pattern recognition the three transforms are very similar if a specific estimate of the
column covariance matrix is used. In the context of two-dimensional image processing this similarity still
holds if one single matrix is considered. In that approach the use of the names KLT and PCA is rather
inappropriate and confusing. If the matrix is considered to be a realization of a two-dimensional random
process, the SVD and the two statistically defined transforms differ substantially.
Image processing Statistical analysis Statistical pattern recognition Orthogonal image transforms
Singular value decomposition Karhunen-Loeve transform Principal components

1. INTRODUCTION

!1. SINGULAR VALUE DECOMPOSITION (SVD)

In recent literature on digital image processing much
attention is devoted to the singular value decomposition (SVD) of a matrix, which can be viewed as a
separable orthogonal transform or as an expansion of
the matrix in rank-1 matrices. The matrix can represent a discrete image or a two-dimensional operator.
Applications of the SVD lie in the fields of image
restoration and enhancement as well as in image
coding." -s)
In Huang, (6~Andrews states that SVD and principal
components analysis are very similar, but he cautions
his readers not to conclude that the SVD and the
Karhunen-Loeve expansion are identical. Ahmed and
Rao ~9) treat the Karhunen-Loeve transform in the
context of data compression and refer to the similar
technique of principal components analysis in statistics. Their definition of the Karhunen-Loeve transform
is identical with the definition of principal components
given by Anderson: l°) However, Gnanadesikan" t l
introduces the SVD as a way to compute the principal
components, and Taylor"2) implies that SVD and
principal components analysis are identical techniques. We found these remarks very confusing. In this
paper we will try to unravel the situation. In Section II
we will define the singular value decomposition and
mention some of its properties and applications. In
Section III the Karhunen-Loeve transform will be
given the same treatment, followed in Section IV by
principal components analysis. In Section V the
relationships between the three techniques are investigated and their similarities and dissimilarities are
exposed.

A well-known result in matrix theory is the fundamental matrix decomposition theorem." 3~ According
to this theorem any real n x m matrix [G] of rank p can
be decomposed as

[G] = [U] [A ':2] [V]'

(1)

where t denotes matrix transposition. The n x m matrix
[A 1/2] is of the following form

p |I/2"-.....

[A I/2] = I

0-1

~I/2

I

(2)

ILo ""°"-./
oj

The orthogonal n x n matrix [U] and the orthogonal
m x m matrix [V] are defined by

375

[~] [c]' : [u]

'"...

i]

11 ]

[u]'

(3)

"...

[c]'[o] = [v]

:.,

0

'"'"

[v]'

(4)
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So the columns of [U] are the eigenvectors of [G] [G]'
and the columns of IV] are the eigenvectors of
[G]' [G]. The diagonal entries of[A 1/2] are the square
roots of the eigenvalues of [G] [G]' as well as [G]' [G]
and are called the singular values of [G]. The decomposition (1) is usually referred to as the singular value
decomposition (SVD) of [G] and has found a number
of applications in digital image processing."-a) With

[U]

= [ulu2...u.]

(5)

[v] = [v,v2... v.]

(6)

equation (1) can be written as
P

2:/2uiv~

[G] = E

(7)

/=1

where the product usv~ is an n x m matrix, being the
product ofthe n x 1 matrix u i and the 1 x m matrix vI.
Equation (7) shows that the SVD constitutes an
expansion of the n x m matrix [G] into a sum of
separable rank-1 matrices. If the singular values are
ordered according to
),I[2 ~ )1/2 ~
~ ,~1/2
"
"'2
.....
v

(8)

and we consider the truncated series approximation of
[G] given by
k

IlL KARHUNEN LOEVE TRANSFORM (KLT)

[G,] = E 21/2usv~

(9)

i=l

with k < p, p being the rank of [G], then the
approximation or truncation error norm is given by

It [G]

- [ak]

II

The SVD may constitute an efficient way of matrix
or image representation/3) Description of [G] in its
matrix form requires nm numbers or computer memory locations. Applying the SVD as in equation (7)
and incorporating the singular values 2, into the
vectors u, results in a description of [G] with p(n + m)
numbers. So ifp(n + m) < nm the SVD description is
more economic. This advantage becomes even more
clear if we accept some error and apply equation (9)
with k < p. More savings could be obtained by
exploiting the orthonormality of the vectors u,, which
is a consequence of the orthogonality of the matrix
[U]. The same is true for the vectors vs. Notice that
these savings are achieved through complex and timeconsuming computations.
If [G] represents the impulse response of a twodimensional spatially-invariant linear filter, the twodimensional convolution of an image with [G] itself
may be replaced by repeated one-dimensional convolutions with us and vs through equations (7) or (9).
Under the same restrictions on the rank p of [G1,
substantial savings in processing time can be achieved.
The computation of the SVD has to be performed only
once for every filter [G], so this approach may be very
attractive if many images must be processed with the
same filter,ca)

P

=

E
S=k+1

;,s

(10)

where the matrix norm is defined as [t[A]I[ 2 =
tr[A]'[A] and where tr denotes the trace or the sum of
the diagonal entries of [A]'[A]. With the singular
values placed in non-ascending order, the SVD is the
two-dimensional separable orthogonal transform with
minimum least-squares truncation error. In general, a
two-dimensional separable orthogonal transform is
formulated as
[F] = [C] [G] [R]

(11)

where the orthogonal matrices [C] and [R] operate on
the columns and on the rows separately, carrying [G]
into the transform domain, tT) The coefficients in this
domain are the entries of IF]. Well-known transforms
are the Fourier, Walsh-Hadamard, discrete cosine
and Slant transforms. The SVD is the transform that
results in a diagonal matrix of transform coefficients.
This can be seen by rewriting equation (1) as
[A '/2] = [V]' [G] [V].

(12)

Notice that the SVD necessitates the computation of
unique transform matrices [U] and [V] for each
matrix [G], as opposed to the other well-known
transforms.

In the literature on digital signal processing the
Karhunen-Loeve transform is derived as the optimum
orthogonal transform for signal representation (data
compression) with respect to the mean-square error
criterion. This transform results in uncorrelated
coefficients in the transform domain. The proof (see
e.g. Ahmed and Rao (9)) is along the following lines.
Consider a vector x with x' = [xlx2... x.] and the
orthogonal transform [T]' given by [T] =
[~1~2... ~.] with ~ = [~,1~,2---~,.]. Applying this
transform to the vector x results in
y = [T]%

(13)

Because [ T ] ' is orthogonal it follows that
x = [T]y = [~1~2..-~.] Y
= Y1~1 + Y2~2 + -.- + Y.~,.

(14)

If we truncate this expansion after k terms, k < n, and
replace the remaining y, i = k + 1.... , n by preselected
constants, we obtain

i = ~' ys~, +
i=1

i

c,¢,s.

(15)

/=k+1

Now we look for those constants cs and those ~, that
minimize the mean-square error
c(k) = E{(x - ~)'(x - ~)}

(16)

where E denotes the mathematical expectation. Without proof we give the result. The optimum values for
the constants c s are
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i= k+l ..... n

c, = E{yl} = E{~b[x} = ¢[E{x}

(17)

where [K~] is the covariance matrix ofx. This implies
that the ~bi are eigenvectors of [K~] and the 2i the
corresponding eigenvalues. The resulting mean-square
error equals
r,(k)=

2i

L
i=k+

= {{[7",] [A,]} ® {[Tc] [At]}} {[T,]' ® [Tc]'l

(18)

;~,4',

=

then

[K.,] = {[T,.] [A,.] FT.]') ® {[T,.] [A,.] [T,.]']

while the optimum ~ turn out to satisfy

[K~]4~,
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(19)

= {[T,] ® [L]} {[A,] ® [A~]', ',ILl ® IT, ll'.
(29)*
So we have

[T] = [7",] ® [T~]

(30)

and equation (20) can be rewritten as (7)

1

which is minimum for all values ofk ifthe 2~are in nonascending order.
Summarizing, the KLT is defined as
y = [T]'x

(20)

or, equivalently, as the expansion
x = IT] y

(21)

with the transform matrix I T ] defined by

[Y] = [T,]' [X] [T,]

(31)

where y in equation (20) is the column-stacked vector
corresponding with [Y] in equation (31).
Equations (24), (27), (28) and (31) constitute the
two-dimensional separable KLT, in general resulting
in a full matrix [Y], where on average the largest
amount of 'energy' is concentrated in the minimum
number of entries Y~j of [Y]. Equation (31) can be
rewritten as
[ x ] = [ L ] E r ] [ T , ] ' = Z Z .h' fl,.,t,.'

[Kx] = [T]/0".....2.[[T]' = [T] [A] [T]'. (22)
i_
%1
It can easily be derived that the covariance matrix [Kr]
of the vector y of coefficients in the transform domain
equals
[ K J = [T]'[K.][T]

=

L 0'''')~d

[A]

(24)

where ® denotes the Kronecker matrix product (7),

=

e j®e.l

(32)

where the t,, are the columns of [To] and the t,. the
columns of [7",]. This implies that the KLT can be
described as a decomposition into 'eigen images'
defined by the covariance matrix. The transform
matrices have to be computed only once for each class
of images with one common covariance matrix.

(23)

which implies that the entries of y are uncorrelated.
Now we turn our attention to the Karhunen-Loeve
transform of an image matrix [X]. In general one has
to scan [X] obtaining a vector x with covariance
matrix [K~]. Here we consider column scanning, that
is, we place the element x u of the n x m matrix into the
element (l - 1)n + k of the nmx 1 vector x.
If the image statistics are such that all columns of
IX] have the same covariance matrix [K,] and all
rows have covariance matrix [K,], the covariance
matrix of the stacked vector x can be written as ~7)

[Kx] = [K,] ® [Kc]

i j

IV. PRINCIPALCOMPONENTS ANAI.YSIS{PCA)
Principal components analysis is a dimensionality
reduction technique in multivariate statistical analysis.,O.l u Multivariate statistical analysis deals with
the analysis of data that consist of measurements on a
number of individuals or objects. If there are m objects
and each object is described by n variables or features,
we have a n x m data matrix. Often the number of
variables is too large to handle, A way of reducing this
number is to take linear combinations of the variables
and discard the combinations with small variances.
Now the first principal component is the linear
combination with maximum variance, the second has
maximum variance subject to being orthogonal to the
first, and so on. Notice the resemblance between this
problem and the problem of efficient signal representation of Section III. In fact, the definitions of the
principal components transform and the KarhunenLoeve transform will be shown to be almost identical.
Anderson (lm proves that if the n × 1 vector z has
E{z} = o and covariance matrix [Kz], there exists an
orthogonal transform

LL .,.J E-LL.,E"IZE"1J
~

~

®

-

(25)
The KLT of the column-stacked vector x is based on
[Kx] = [T] [A] [T]'.

(26)

y = [B]'z

(33)

Now if
[Kc] = [To] [Ac] E L I '

(27)

*Here we used the following properties of the Kronecker
product :~''~ ~j

',[A] ~ [B]] ',[C] ~) [D]] = ',[A] [C]I ® ',[B] [D]',

and

[K,] = [7",] [A,] [T,]'

(28)

~[A] ® [~]',' = [A]' ® [B]'.
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such that the covariance matrix of y is E{yy'} = I-A]
and

[A]

°1

L 0 "2.1

(34)

"'_1

where 21 /> 22 i> ... > / 2 , are the eigenvalues of [ K , ]
and the columns of [B] are the corresponding eigenvectors. The rth element of y, y, = h',z has maximum
variance of all normalized linear combinations uncorrelated with Yl,... ,Y,- r This vector y is defined as
the vector of principal components of z.
If we have an input vector x with E(x) # 0 we define
z = x ' - E(x)

(35)

and compute the principal components transform of x
as

y = [-B]'z = [B]'(x - E(x))

(36)

with I'B] defined by
[K.] = [B] [A]

[B]'.

(37)

El-X]}* contains as much of the 'variability' of the
original data as possible. Closely related to principal
components analysis is the field of factor analysis. In
this paper we will not deal with factor analysis
separately. Similarities and differences between principal components analysis and factor analysis are
discussed in Gnanadesikan," 1) Taylor" 2) and
narman} 14)
V. RELATIONSHIPS

In this section we will explore the relationships
between the Karhunen-Loeve and principal components transforms and then the relationships between
these transforms and the singular value decomposition. The transforms may be discussed in terms of
orthogonal expansions of discrete random processes.
Consider first a continuous stochastic process ¢(t),
where t is a one-dimensional parameter. The process
~(t), defined in a time domain (0, T), can be
expressed "6-18) in a linear combination of basis
functions ~bt(t), which are orthonormal in the interval
(0, T), according to

However, since
¢(t) = ~ ~ , l ( t )

[ r , ] = e{zz'}

0 ~< t ~< T.

(44)

i=l

= E{(x - E(x))(x - E(x))'} = [ K , ]

(38)

we arrive at the following definition of the principal
components transform
y = [B'](x - E(x))

39)

[ r , ] = [8] [A] [B]'.

(40)

with

This definition is in agreement with the literature. "°'1~42) In principal components analysis the
above vector x is the n x 1 measurement or feature
vector of one particular object. In the case of m objects
we arrange the m vectors into the n x m data matrix
[X]. Under the assumption that all m vectors are
realizations of the same random process, the principal
components transform becomes
[Y] = [B]'{[X] - E[X]}

(41)

where the m output vectors are the columns of [ Y] and
E[X] is the matrix of mean vectors, which implies that
all columns of E[X] are identical.
Due to the orthogonality of [B], equation (41) can
be rewritten as
IX] -

E[X]

= [B] [Y]

(42)

where the matrices are n x m, n x m, n x n and n x m,
respectively. In general, principal components analysis
results in a dimensionality reduction, to be described

An infinite number of basis functions is required in
order to form a complete set. Now consider a n × 1
random vector x = [xlx2...xn] t as in the previous
sections. This vector may be expressed in a linear
combination of orthonormal basis vectors ~t =
[q~,,~,2"" ~,,]' as

x~= ~ y~dPik k = l , 2 ..... n
which is equivalent to
x = [T] y

{IX] - E[X]}* = [B'] [Y']

(43)

where the matrices are n x m, n x m, n x q and q x m,
respectively, and where the approximation {IX] -

(46)

where I T ] = [~1~2... ~,]. Note that now only n basis
vectors are required for completeness.
The Karhunen-Loeve transform was originally
developed and discussed as the expansion of the
stochastic process ~(t) into a complete set of deterministic time functions ff~(t) such that the random
variables ~ i n equation (44) become uncorrelated. This
is achieved if the el(t) are the eigenfunctions of the
covariance function C(t,s) of the process ¢(t). The
discrete Karhunen-Loeve transform discussed in Section III is based on the eigenvectors of the covariance
matrix [Kx] of the vector x.
In equations (20) and (22) the Karhunen-Loeve
transform of the input vector x was given as
Yl = [T]'x
[K~] = [T] [A]

as

(45)

i=1

(47)

[T]'.

(48)

In equations (39) and (40) the principal components
transform was defined as
Y2 = [B]'(x - E(x))

(49)
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[Kx] = [B] [A] [B]'.

(5O) with [U] defined by

From equations (48) and (50)it is clear that [T] = [B],
which implies that the transform matrices of both
transforms are identical. It can easily be derived that
the covariance matrices for the output vectors Yl and
Yl are identical and equal to [A]. The only difference
lies in the mean vectors E(y,) and E(y2). For the
Karhunen-Loeve transform we have
E(y,) = [T]'E(x)

(51)

and for the principal components
E(y2) = [T]'E(x - E(x)) = 0.

(53)

and the principal components transform
[Y2] = [T]t{[ X] - E[X]}

(54)

EKe] = [ r ] [A] [r]'.

(55)

with

The correspondence between both methods remains
the same as in the case of single vectors. In a practical
situation one has to estimate the column covariance
matrix [K¢] from the data. An unbiased estimate is the
sample covariance matrix of the columns of I-X]
1

[So] = m - 1 i=1 (x i - ~)(x~ - ~)'

(56)

with
£ = --

xv

(57)

mi=l

Equation (56) can easily be rewritten as

[s,] = ~

{ix] - Ix]} {ix] - [~z]}, (58)

where all columns of [,~] are identical and equal to i .
The transform matrix [T] of both the KarhunenLoeve and the principal components transforms is
then derived from
[S,] = [T] [A] IT]'.

(59)

Now compare these equations with the singular value
decomposition
[G] = [U] [A '/2] [V]'

[c] [~]' = [ u ] [A] [u]'.

(60)

(6~I

If the column covariance matrix is estimated from the
data through equation (58), the transform matrix [T]
in the Karhunen-Loeve and principal components
transforms of the data matrix [X] corresponds with
the transform matrix [U] in the SVD of {[X] - [X]'~.
The factor (m - 1) in (58) does not influence the
orthonormal eigenvectors. If we rewrite equations
(53) and (54) as

(52)

A geometric interpretation of the Karhunen-Loeve
transform is in terms of a rotation of the coordinate
system. The principal components method can be
described as a shift of the origin of the coordinate
system to the point E(x), followed by the same
rotation. So for single vectors we conclude that the
Karhunen-Loeve and principal components transforms differ only in this shift of the origin.
In the context of multivariate statistical analysis and
statistical pattern recognition we have m vectors xi, i =
l . . . . . m, arranged in a n x m data matrix [X].
All columns x~ have the same covariance matrix
[Kc]. The Karhunen-Loeve transform is
[Y,] = I T ] ' [X]
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[X] = [T] [YI]

(62)

[X] - IX'] = [T] [Y2]

(63)

and

it is also clear that the matrices [Yt] and [Y2] can be
written in a form corresponding with the product
[A ~/2] IV]' in equation (57) with [V] defined by
[G]t [G] = [V] [A] [V]'

(64)

where [ G ] ' [ G ] is related to the sample covariance
matrix of the rows of the data matrix. However,
principal components analysis is usually described in
terms of the column covariance matrix only, due to the
fact that one is interested in a reduction of the number
of features by exploiting the statistical dependency
between these features, i.e. between the elements in a
column of the data matrix.
We conclude that, using the estimated column
covariance
matrix
of
equation
(58),
the
Karhunen-Loeve and principal components transforms of a data matrix IX] correspond with the SVD
of {[X] - [)f]}. Now it is clear why Gnanadesikan '1''
and Taylor Ilz~ mention the SVD as a way to compute
the principal components. It is also clear why Andrews
in the book edited by Huang ~6~in his treatment of the
SVD states: "For those familiar with principal components analysis, the matrices [G] [G]' and [G]' [G]
can be likened to sample column and row covariance
matrices, respectively.... ".
In the context of multivariate statistical analysis the
m columns of the data matrix are viewed as m
realizations of a discrete stochastic process with a onedimensional parameter space. It is reasonable to
estimate the covariance matrix from these m realizations. When we turn our attention to digital image
processing we come upon an essentially different
situation. Let the matrix I-X] with elements xk~
represent a digital image. The concept of stochastic
processes can be generalized to two dimensions by the
introduction of a random field (Wong, (19) Rosenfeld(2°~), i.e. a random process with a two-dimensional
parameter space. The random field ~(s, t), defined in a
region S in a two-dimensional Euclidean space, can be
expressed as a linear combination of basis functions
~bi~(s,t), which are orthonormal in S, according to
~(s,t)=

~
i=1 j=l

oqj~Oq(s,t)

(s,t)eS.

(65)
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This equation constitutes the continuous KarhunenLoeve expansion of the process if the g/o(s, t) are the
eigenfunctions of the covariance function C(s~, t~, s2,
t2) of the process ~(s,t). In the discrete case under
consideration here, we obtain the expansion of the
matrix IX] with elements xk~ into a linear combination of orthonormai basis matrices [q~o] with
elements qb,~u

Xkl =

~
i=1 j = l

YiJ~PlJkl

k = 1,2 ..... n

(66)

l = 1,2,...,m

or, equivalently, as
IX] = ~

~ yi~[r~ij].

(67)

i=1 j = l

If the matricgs [~bJ are the eigenmatrices of the covariance C(k~, l~, k2, 12) of [X], these equations
constitute the Karhunen-Loeve transform of the
discrete image [X]. If the matrices ['q~o] are determined from the eigenproblems of [X] [X] t and
[ X ] ' [ x ] , they are separable and equation (67) constitutes the singular value decomposition of I-X] as
given in equation (7).
The solution of the eigenproblem of C(kx, Ii, k2,/2) is
greatly facilitated by arranging the elements of this
covariance into the nm x nm matrix [K~] which was
used in Section III. This procedure is discussed in
detail in Rosenfeld. ~2°~This matrix has to be estimated
from a large number of image matrices. The KLT
based on this estimate bears no resemblance with the
SVD which is uniquely defined by and for each matrix
[X] individually.
In the special case that the covariance C(k~, l~, k2,12)
is separable as

C(kl, 11, k2,

12) = Cc(k 1, k2)

C,(ll,

12)

(68)

the eigenmatrices become separable as well and we
obtain the two-dimensional separable KLT discussed
in Section III. In this case, [K,] is separable into the
Kronecker product of a column covariance matrix
[Kc] and a row covariance matrix [K,]. Unbiased
estimates of [Kc] and [K,] are [Sc] and IS,], respectively, which one might estimate from the n rows
and the m columns of one image matrix IX] as
[S,] = n_l I { [ X ] - [,(]}'{[X] - [)~]}

(69)

1
[So] = m - 1 {[X] - [.~]} {[X] - [)?]}'.

(70)

The two-dimensional separable KLT of IX] based on
these estimates is identical with the SVD of {IX] [)7]}. However, accepting IS,] and [S~] as estimates
for [K,] and [K,], respectively, implies that [Kx] can
be estimated from one single image matrix IX], that is,
from one realization of the two-dimensional random
process. Obviously, the number of degrees of freedom
of the matrix [K~] is greatly diminished by the
assumption of separability, which means that the
number of parameters one has to estimate in the

separable case is much smaller than in the nonseparable case. Even then, it is evident that the name
KLT should not be used for a transform based on the
estimates from equations (69) and (70). In fact, the
correct name is SVD. A second problem is the
separability of the covariance matrix [Kx]. Given a
class of images, one has to estimate [Kx] from a large
number of these images before any statements can be
made about its separability. One could argue that
there are popular two-dimensional auto-regressive
image models which can be proven to lead to separable
covariance matrices. In that situation the problem is
shifted to the necessity to investigate the validity of
such models, given the class of images.
From the discussion above we conclude that in the
context of multivariate statistical analysis or statistical
pattern recognition the SVD and the KLT and
principal components transforms are very similar if
certain estimates of the covariance matrices are used.
Under certain conditions all three transforms become
identical. In the context of two-dimensional image
processing the similarity between the three techniques
still holds if only one matrix [X] is considered.
However, we feel that the use of statistical terms like
KLT or PCA is rather inappropriate and confusing in
such a situation. No such confusion arises if the name
SVD, which is defined in deterministic terms, is used. If
the matrix [X] is considered to be one realization of a
two-dimensional random process, the statistical transforms and the SVD are very different methods.

VI. CONCLUSIONS

For single vectors, the KLT as defined by Ahmed
and Rao ~9}and the PCA as defined by Anderson ~1°1are
identical except for a possible shift of the origin of the
coordinate system. For an n x m matrix in the context
of multivariate statistical analysis or statistical pattern
recognition, the m columns of the matrix are regarded
as m realizations of a random process and the similarity between KLT and PCA still holds. If the column
covariance matrix is estimated from the m realizations
the KLT and PCA of the matrix [X'] become identical
with the SVD of {IX] - [,Y]}. In the context of twodimensional image processing this similarity only
applies if one single matrix IX] is considered. To
prevent confusion, statistical terms like KLT or PCA
should not be used in this situation. The correct name
is SVD, which is defined in deterministic terms only. If
the image [-X] is considered to be a realization of a
two-dimensional random process, the covariance matrices for the KLT and PCA should be estimated from a
number of realizations of that process, that is, from a
number of images. In that situation there is a substantial difference between the statistically defined
transforms and the SVD. The statistical transforms are
the same for all realizations in the class of images under
consideration, the deterministic SVD transform is
uniquely defined by each image matrix itself. While the
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approximation or truncation error of the statistical
transforms is minimum in the mean-square sense, the
SVD truncation error is minitnum in the least-squares
sense. Thus in the context of two-dimensional statistical signal processing, the KLT and SVD differ substantially, both in theory and in practice.
SUMMARY
In recent literature on digital image processing
much attention is devoted to the singular value
decomposition (SVD) of a matrix. Many authors refer
to the Karhunen-Loeve transform (KLT) and principal components analysis (PCA) while treating the
SVD. In this paper we give definitions of the three
transforms and investigate their relationships.
For single vectors, the KLT, as defined by Ahmed
and Rao ~9~and the PCA, as defined by Anderson,I1°1
are identical except for a possible shift of the origin of
the coordinate system. For an n x m matrix in the
context of multivariate statistical analysis or statistical
pattern recognition, the m columns of the matrix are
regarded as m realizations of a random process and the
similarity between KLT and PCA still holds. If the
column covariance matrix is estimated from the m
realizations the KLT and PCA of the matrix IX]
become identical with the SVD of {lX] - [,Y]}. In the
context of two-dimensional image processing this
similarity only applies if one single matrix IX] is
considered. To prevent confusion, statistical terms like
KLT or PCA should not be used in this situation. The
correct name is SVD, which is defined in deterministic
terms only. If the image IX] is considered to be a
realization of a two-dimensional random process, the
covariance matrices for the KLT and PCA should be
estimated from a number of realizations of that
process, that is, from a number of images. In that
situation there is a substantial difference between the
statistically defined transforms and the SVD. The
statistical transforms are the same for all realizations
in the class of images under consideration, the deterministic SVD transform is uniquely defined by each
image matrix itself. While the approximation or
truncation error of the statistical transforms is minimum in the mean-square sense, the SVD truncation
error is minimum in the least-squares sense. Thus in
the context of two-dimensional statistical signal pro-
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cessing, the KLT and SVD differ substantially, both in
theory and in practice.
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